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Abstract 
Polygonal systems P,, which consist solely of q-gons, are considered. A P, system corresponds 
to a polycyclic conjugated hydrocarbon with a (chemical) formula C,H,. Relations between 
seven selected invariants of P, are given. The circumscribing of P, is explained, and the 
invariants of k-fold circumscribed P, are determined. The solutions are essentially different for 
q = 6 and q > 6. In conclusion, two open problems concerning P, systems are formulated. 
1. What is a polygonal system? 
A polygonal system P is a connected planar geometrical construction of polygons 
where any two polygons either share exactly one edge or are disjoint and, therefore, at 
most three polygons meet at each vertex. Hence P can be represented by a planar 
graph. Here we shall only consider simply connected polygonal systems consisting of 
q-gons with a fixed number q of edges. Let such a system be denoted by P,. Then P6 is 
a simply connected polyhex and belongs to a class of systems which have been studied 
extensively. The literature in this area is too voluminous to be cited here; we only give 
the references to some recent monographs [lo, 14-16,261. The P6 systems (as chem- 
ical graphs [26]) include the benzenoids [lo, 13, 151 which have chemical counter- 
parts in special polycyclic conjugated hydrocarbons, viz. the benzenoid hydrocarbons. 
More generally, a P, system corresponds to a polycyclic conjugated hydrocarbon 
(benzenoid or non-benzenoid) with a (chemical) formula C,H,. 
The present work deals with some mathematical properties of circumscribed 
P4 systems. It was found that the P6 systems on the one hand, and P, systems with 
q > 6 on the other, behave essentially differently. The paper concludes with some open 
problems concerning P, systems. 
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2. P, systems and their invariants 
The parameters of the formula C,H,, viz. n and s, are two invariants of the pertinent 
P, system. The number n of carbon atoms corresponds to the total number of vertices 
of P,, while the numbers of hydrogens, which is also the number of secondary carbon 
atoms (hence the symbol s), corresponds to the number of vertices of degree two. Only 
vertices of degree three and/or two are present in a P, system, and those of degree two 
are all situated on the perimeter (boundary) of P,. The vertices of degree three on the 
perimeter correspond to tertiary carbon atoms, and their number is identified by the 
symbol t. The total number of external vertices (on the perimeter) is 
n, = s + t. (1) 
This is also the number of edges on the perimeter and sometimes is referred to as the 
perimeter length. Vertices which are not external are called internal; they are all of 
degree three. If their number is denoted by ni, then 
n = Iii + n, = ?li + S + t. 
The total number of vertices of degree three is 
(2) 
TZ3 = yli + t. (3) 
Finally we introduce the number r of polygons (or rings) and the number m of edges 
(bonds). 
There are additional relations between the invariants introduced above. Each edge 
in the graph connects two vertices, so adding the degrees of all vertices gives 
3ni + 3t + 2s = 2m. (4) 
Each edge lies in two faces, so counting the edges around every face (not forgetting the 
face external to the polygonal system) gives 
4~ + s + t = 2m. 
Euler’s Formula for planar graphs [27, p. 2191 states that 
(5) 
n-m++f=2, 
wherefis the number of regions (faces) into which the plane is divided by the graph. 
Since f includes the outside face 
n-m+r=l. (6) 
Routine algebra applied to the various equations above leads to the results sum- 
marised in Table 1 (# means “number of”). In Table 1 each invariant is expressed as 
an affine combination of two independent invariants. (An affine combination is 
a linear combination plus a constant, e.g. t = 2r - ni - 2). Various choices are 
possible for the independent invariants, e.g. (Y, ni), (r, t), (n, S) , etc, but it turns out that 
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Table 1 
r = # polygons (q - gons) 
n = # vertices 
m = # edges 
ni = # internal vertices 
n, = # external vertices = # external edges 
s = # vertices of degree two 
t = # external vertices of degree three 
n, = # vertices of degree three 
Invariant Function of (r, ni) Function of (n. s) 
r f(n - s) + 1 
(q - 2)r - nj + 2 n 
(q - l)r - ni + 1 &3n - s) 
ni f(4 - 4)n - f(4 - 2)s + 4 
(q - 2)r - 2n, + 2 $(q - 2)s - $(q - 6)n - q 
(q - 4)r - ni + 4 s 
2r - ni - 2 f(q - 4)s ~ $(y - 6)n ~ q 
2r - 2 n--s 
Invariant Function of (s, t) when q # 6 
r 
n 
m 
ni 
n, 
s 
t 
n3 
(s - t - 6)/h - 6) 
((4 - 4)s - 2~ - 2q}/(q - 6) 
{(q - 3)s - 3t - 3q)/(q - 6) 
{2s -(q - 4)t - 2q}!(q - 6) 
s+t 
s 
;2s - 2t - 2q)/(q - 6) 
Fig. 1. 
when q # 6 our later calculations are simpler if (s, t) is chosen. When q = 6, however, 
s - t = 6, so s and t are not independent and another choice, such as (r, s) is necessary. 
The well-known relations for P, (or benzenoid systems) [ 10,15,23] are obtained on 
inserting q = 6 in the relations of Table 1. As an example, the benzenoid C,,H,, 
benzo [alpyrene is shown in Fig. 1. It has the invariants: Y = 5, n = 20, m = 24, ni = 2, 
IZ, = 18, s = 12, t = 6 and n3 = 8. 
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Fig. 2 
As n3 = 2r - 2 and II, = s + t (for any q) we ignore these invariants in the rest of the 
paper. 
3. Circumscribing P, systems [3,4,9,22] 
In this section we start with a general polygonal system P, and (if possible) 
circumscribe it by adding an extra band of q-gons around it to produce a larger 
polygonal system Ph. In general we may do the circumscribing by first surrounding 
P, by a new circuit C which will form the boundary of Pi. Then we join each divalent 
vertex y on the boundary of P, by a new edge to a new trivalent vertex y’ on C (see 
Fig. 2). If y’ and z’ are two adjacent vertices on C produced by this process then we 
must add sufficiently many divalent vertices on the arc y’z’ to convert the polygon 
yzz’y’ into a q-gon. There may, of course, be some trivalent vertices on the boundary of 
P, between y and z; if there are too many of them then yzz’y’ will have more than 
q edges and we will be unable to convert it to a q-gon and the circumscribing is 
impossible. We also note, in passing, that if q < 6 then there are cases where there are 
no divalent vertices on the boundary of P,; the P5 consisting of the vertices and edges 
of a dodecahedral graph is an example and so cannot be circumscribed. We shall, 
therefore, restrict our attention to cases where the circumscribing is possible. Then 
denoting the invariants of Pb by IZ’, s’, t’, etc, we clearly have 
t’ = s. (7) 
In the circumscribing, s additional q-gons are added, so 
r’ = r + s. (8) 
Another simple relation is obtained by counting all the vertices in the additional 
q-gons in two different ways. The vertices lie either on the old boundary or on the new; 
there are s + t of the former and s’ + t’ of the latter, so there is a total of 
s+t+s’+t’ (9) 
vertices in the new q-gons. But counting the vertices around each new q-gon and 
allowing for the fact that each of the edges joining the old boundary to the new 
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boundary lies in two q-gons, we see that the number is 
(q - 2)(r’ - Y). 
Equating (9) and (10) gives 
(q - 2)(v’ - Y) = s + t + s’ + t’ 
and then using (7) and (8) to eliminate t’ and Y’, we deduce that 
s’ = (q - 4)s - t. 
Eqs. (7) and (11) may be combined to give 
[::]=[“r” -;][;I. 
71 
(10) 
(11) 
(12) 
4. Circumscribing Pq where q > 6 
Let P$“ denote k-fold circumscribed P, = Pp) (assuming that Pr) exists), and let the 
invariants rk, nk, etc. pertain to Pf) Eq. (12) now becomes 
[r:;:l=[“r” -i][:rl. 
Hence 
The characteristic equation of the matrix in (13) is 
X2 - (q - 4)x + 1 = 0 
so the eigenvalues are 
A = f ((4 - 4) + J-1 
and 
(13) 
(14) 
p = +{(q - 4) - J(q - 2)(q - 6)). 
Since q > 6, A # ,u and the matrix can be diagonalized. Standard calculations now 
show that the eigenvectors are col( 1 cl) for i and col( 1 I.) for p and that 
[::I=[: :][C :k]&[-:; -:][z]. (15) 
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Multiplying out the matrices and using the fact that 1~ = 1, we obtain 
Sk = {(SOi - t(,)Ak - (sop - t&t’}@ - CL) = {&,(~k+1 - pk+ ‘) 
- Wk - Pk))lU - P) (16) 
and 
tk = {(%A - t(,);lk-’ - (SO/t - to)pk-‘}/(A - p) = {So(Ak - ,_tk) 
- to(;lk-’ - pL”-‘)}/(A - p). (17) 
From Table 1 and Eqs. (16) and (17) each invariant can be expressed in the form 
AAk + Bpk + C, 
where A, B and C are constants which can be calculated from the invariants for P$‘) . 
There is, however, little point in doing so since the values of all the other invariants 
may be expressed in terms of Sk and tk or, since tk = Sk- 1, in terms of sk and Sk_ 1 alone. 
Since Sk satisfies recurrence (13) other variations are possible. The following is 
a selection of formulae which might be used. 
tk = Sk-l, 
(ni)k = 12sk - (4 - 4)tk - 2q}/(q - 6) = (2sk - (4 - 4)sk- 1 - 2q}/(q - 6) 
= bk - sk - 2 - 2d/(‘J - 61, 
(n)k = (%)k+ 1 = ((4 - 4bk - 2sk- I - %}/(q - 6). 
(18) 
(19) 
(20) 
(21) 
We used Sk and tk above because of the simplicity of Eq. (13). If we use a different 
pair of invariants then we find a constant vector on the right-hand side. For example 
(22) 
such equations can be solved but solving (13) is easier. Although the 2 x 2 matrices in 
(13) and (22) are different their traces and determinants and, therefore, their eigen- 
values are the same. 
From (13) it is easy to show that both Sk and tk satisfy the same homogeneous 
second-order linear recurrence 
Sk+2 - (4 - +k+ 1 + Sk = 0, (23) 
tk+Z - (4 - +k+ 1 + tk = O. 
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Fig. 3 
Since the other invariants are affine combinations of sk and tk, they satisfy similar 
inhomogeneous recurrences, namely 
yk+2 -(q - 4)rk+l + rk = 6, 
(ni)k+ 2 - (4 - 4)(ni)k+ 1 f (ni)k = 2q, 
nk+2 -(q-4)nk+l + ilk =2q. 
(24) 
(25) 
(26) 
The terms - 6/(q - 6) and - 2q(q - 6) which appear in Eqs. (19)-(21) are just 
particular solutions of the recurrences (24)-(26). 
Example. If we start with a single q-gon (q > 6) then it can be circumscribed k times. 
Here s0 = q and to = 0, so (16) simplifies to 
sk = {q(;Lk+’ - pk+ I)}/(,? - p). (27) 
In particular when q = 7 we obtain the family C7H7 (k = 0), CJ5H2r (k = l), C1 i2Hsh 
(k = 2), etc. (see Fig. 3) for which 
i. = f(3 + fi) = {f(l + J?)}’ 
and 
p = Q3 - 3, = {Ql - a,}? 
From here it follows that sk and the other invariants can be expressed in terms of the 
well-known Fibonacci numbers Fk which (as usual in mathematical chemistry [l, 2,5, 
10,12,13,21,25,26]) are defined by F_ 1 = 0, F. = 1, FN = F,,_r + FNp2(hJ > 0). 
Now it is straightforward to show that the invariants of the P(7k) system under 
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Table 2 
k” r, nk @ilk Sk 
0 1 7 0 I 
1 8 35 I 21 
2 29 112 35 56 
3 85 315 112 147 
4 232 847 315 385 
5 617 2240 847 1008 
6 1625 5887 2240 2639 
a k-fold circumscribed C7H7 (cf. Fig. 3). 
tL 
0 
I 
21 
56 
147 
385 
1008 
consideration (cf. Fig. 3) are 
Sk = 7F,k+,, 
tk = 7Fzk-1, 
lk = 7Fzk - 6, 
(%)k = 7(2Fzk - F2k- I - 3, 
& = 7(3Fzk + Fzk-1 - 2). 
Numerical values are given in Table 2. 
(28) 
(29) 
(30) 
(31) 
(32) 
Our P(7k) system is one of the families of graphs studied by Harborth [20] under the 
name of mosaic graphs and some of Eqs. (28H32) are equivalent to results in his 
paper. 
Generating functions have been exploited in many 
relevance to chemistry [7, 18, 19,24, 281. We conclude 
generating functions for the numbers in Eqs. (28)-(32) 
s(x) = 2 skxk = 7(1 - 3x + x2)-l. 
k=O 
Correspondingly 
T(x) = xS(x), 
N(x) = 7(1 + x)(1 - x)-‘(1 - 3x + x2)-‘, 
Ni(X) = XN(X). 
5. Circumscribing P6 
enumeration problems of 
this section by giving the 
In the preceding section the eigenvalues A and p are distinct; when A = p the 
solutions take a different form. We could still use matrix theory but the Jordan normal 
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form would be non-diagonal, so we look instead at the analogues for recurrences 
(24)_(26). 
When 1 = ~1 the general solution of 
ak+2-(q-44)ak+l +ak=D, 
where D is a constant, usually takes the form 
ak = (A + Bk)ik if D = 0, 
ak=(A+Bk)lek+C ifD#O, 
where A, B and C are constants. But in the special case when 2 = p = 1 the general 
solution is 
ak = A + Bk if D = 0, 
ak=A+Bk+Ck2 ifD #O. 
It is the special case which applies when 1 = 6, but as mentioned earlier sk and tk are 
dependent when q = 6, so we look at the recurrences for rk and Sk. These are given by 
[::::I =[6 :]ir:] + [ I.
The 2 x 2 matrix here is the Jordan normal form but the relations are now very simple 
and in particular sk satisfies a first-order recurrence relation 
ASk=Sk+l -Sk=6. 
This has the solution 
Sk = so + 6k. (33) 
Also 
AYk=rkfl - rk = Sk = SO + 6k, 
so 
rk = r. + sok + 3k(k - 1). 
The other invariants are equally easy to calculate. We obtain 
tk = t,, + 6k, 
nk = no + 2sok + 6k2, 
(34) 
(35) 
(36) 
tni)k = nk-1, (37) 
Example. We consider the homologous series of successively circumscribed benzenes 
[ll], viz. C&H6 benzene (k = 0)) C24H12 coronene (k = 1) , C&His circumcoronene 
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0 
Fig. 4. 
(k = 2), etc. (see Fig. 4). Inserting s0 = 6, y0 = 1, t,, = 0 and Q, = 6 into (33)-(37) we 
get 
sk = 6(k + l), 
lk = 3k2 + 3k + 1, 
tk = 6k, 
nk = 6(k + l)‘, 
(ni)k = 6k2, 
agreeing with results given previously [4, 203. 
6. Open problems 
(1) An extremal P, system is defined as having the maximum number 
4 = (nJmax(r) 
of internal vertices for a given number r of q-gons. It is reasonable to assume that, for 
q > 6, one extremal P, is generated for every r during a spiral walk in analogy with the 
situation for Ps [4,17]. For the latter systems (q = 6) the Harary-Harborth formula 
Cl39 171, 
(ni)max = 2r + 1 - r (12r - 3)“’ 1 , (38) 
is valid. Problem: Find an expression for (ni) max when q > 6 or, more modestly, when 
q = 7. 
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(2) A catacondensed P, system has by definition no internal vertices, so Yli = 0. 
Harary and Read [19] obtained a generating function for the number of non- 
isomorphic catacondensed P6 systems (of a precisely defined class) according to the 
number t of hexagons. Problem: 
Perform the corresponding enumeration for P, with q > 6, e.g. for q = 7. 
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